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1. INTRODUCTION 
Let B, be a closed ball of radius Y > 0 in a real or complex Hilbert space H, 
aB, the boundary of B, , and S a nonlinear contraction map of B, into H 
such that Sx - Ax f 0 for all x in aB, and any h > 1. Using the theory of 
monotone operators developed in [l, 21, Browder [3] (for the independent 
proof of Browder’s results see also De Prima [4]) showed that S has at least 
one fixed point in B, . 
The purpose of this paper is to discuss an iteration method for the actual 
construction of fixed points of S under the additional assumption that S 
is demicompact. In establishing our main result we derive at the same time 
certain properties of monotone operators and of demicompact operators 
which seem to be of interest in their own right. 
In the case where S is a completely continuous contraction of B,. into B, 
our results reduce to those derived by Krasnoselsky [5] and Schaefer [6] 
in a more general setting of a uniformly convex Banach space. It should be 
noted that the interesting and useful feature of the above processes lies in 
the fact that their applicability and convergence take place under rather 
general conditions which do not insure the uniqueness of solutions. 
2. CONSTRUCTION OF FIXED POINTS 
Let us first define certain notions and derive some of the results 
to be used in the sequel. Let P be a nonlinear operator from its 
domain D(P) _C H into H. Following [ 1, 2, 71 we say that P is demicontinuous 
if x, -+ x(x, , x E D(P)) strongly in H implies Px, + Px weakly in H; P is 
strongly continuous if x, - x weakly in H implies Px, -+ Px strongly in H; 
P is compact if P maps every bounded set in D(P) into a compact set in H; 
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P is completely continuous if P is continuous and compact; P is monotone if 
Re (Px - Py, x - y) > 0 for all x and y in D(P); P is a contraction if 
(/ Px - Py 11 < // x -y [I for all x and y in B, . 
Let us observe that the following interesting fact is valid for monotone 
demicontinuous mappings. 
LEMMA 1.1 Let P be a monotone demicontinuous mapping from B, into H 
and let us assume that the null set N of P (i.e., N = {x E B, : Px = 0)) is not 
empty. Then N is a convex set. 
PROOF. Let xi and x2 be any two points in N such that xi # x, and for 
anyssuchthatO<s<lletx=sx,+(1-~)x,.Sincex,,x,~NCB, 
and B, is convex, x E B, and the monotonicity of P implies that for all y 
in B, we have 
Re(Py,y--l)>O and Re (Py, y - x2) 2 0. 
Thus, multiplying the first inequality by s > 0 and the second by (1 - s) > 0 
and adding the resulting inequalities we get 
Re(Py,y -x) 30 (1) 
which is valid for all y in B, . This inequality implies that Px = 0 because 
assuming to the contrary that Px # 0 we arrive at the contradiction. Indeed, 
if Px # 0, then there exists z in H such that Re (Px, z) < 0. Since x is an 
interior point of B, , for t > 0 and sufficiently small, xt = x + tz lies in B, . 
If now in (1) we replace y by xt we obtain 
0 < Re (P(x,), xt - x) = Re (P(x,), tz), 
i.e., Re (P(x,), z) > 0 whence, by a simple computation, we get 
Re (P(xJ - Px, z) 2 - Re (Px, z). (2) 
Since the right-hand side of (2) is independent oft and P is demicontinuous, 
the passage to the limit in (2) yields 
0 3 - Re (Px, z) > 0, 
which is a contradiction. Hence Lemma 1 is proved. 
A nonlinear operator P will be called demicompact if it has the property that 
whenever {un} is a bounded sequence and (g,) E (I(~ - Pu,} is a strongly 
convergent sequence, then there exists a subsequence {Us,} which is strongly 
convergent. Let us observe in passing that the class of demicompact mappings 
is not as small as it seems to be. In fact, the following simple lemma specifies 
some of the operators having this property. 
1 Lemma 1 was originally formulated for the operator P of the form P = I - S, 
where S is a contraction. But a subsequent discussion with F. E. Browder revealed 
its validity in a much more general form stated here. 
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LEMMA 2. The class of demicompact operators P contains, among others, the 
following operators. 
(a) Compact operators (and, in particular, complete(y continuous and 
strongly continuous operators). 
(b) Operators P such that - P is quasi-compact. 
(c) Operators P which satisfy either the condition 
Re (Px ~ Py, x - y) < a 11 .x - y 112, (1 -2a) ;z-0 (3) 
or the condition 
Re(Px-Py,w-y)<a/lPx-Py/I, (1 - 2a) 3 0. (4) 
(d) Operators P for .which (I - P)-’ exists and is continuous on its range 
R(I - P) (and, in particular, demicontinuous operators P for which either (3) 
is valid with a < 1 or for which the inequality 
I (PA” - Py, .x - y) / < b /( N -3’ 1!2, O<b<l, (5) 
is valid for all x and y in H) . 
PROOF. (a) The proof of assertion (a) is trivial. Indeed, if (u%} is a bounded 
and k,l = {un - Pu,} is a strongly convergent sequence, then the compact- 
ness of P implies that (Pult} contains a strongly convergent subsequence 
{Pu,~). But then the sequence {u,!,, 1 = {gn. + Pu,,] is strongly convergent. , ,
(b) Assertion (b) is obvious since it is one of the four conditions defining 
a quasi-compact operator. For the discussion of the latter class of operators 
see the paper of Daniel [8]. 
(c) Let (~1,~) be a bounded sequence so that {gn} = {un - Pu,) is a 
Cauchy sequence. Then, by (3) 
!I gn, -g, II2 = II %I - u, - (P&n - w !I2 
= II 47, - u, II2 - 2 Re (urn -- u, , pu,, - p&J + I! pu, -P% I/* 
3 (1 - 2a) II 4, ~ U,L II2 + II %t - P% /I2 
or, by (4), 
II g,, - g, II2 3 (1 - 2a) II Pu,,, - Pun /I2 + II unl - u, l12. 
Since (g,} is a Cauchy sequence, the last inequalities and (3) and (4) imply 
that {un} is itself a Cauchy sequence. 
(d) Let {un} be a bounded sequence so that g, = U, - Pu, = (I - P) U, 
is strongly convergent. But then, since (I - P)-’ is continuous, 
(I - P)-lg, = U, converges strongly in H. The last assertion of (d) follows 
from the theory of demicontinuous strongly monotone and complex mono- 
tone operators [l, 21. 
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In order to prove our main result we shall make use of the following lemma 
which for completely continuous mapping S was proved in [5, 61. 
LEMMA 3. If S is a demicompact contraction from B, to B, , then the set 
F C B, of fixed points of S is a nonempty convex set. Moreover, for any x,, E B, 
and any /3 > 0 such that 0 < ,d < 1 the sequence {x,l+1} determined by the process 
xntl = psx, + (1 - /3) X, , n = 0, 1, 2, a**, 
converges to a$xedpoint x* E F of S, i.e., x* E B,r and Sx* = x*. 
(6) 
PROOF. For the sake of completeness we sketch the proof of Lemma 3 by 
using arguments similar to those in [5, 61. For details see [6]. 
Let us first note that since S is a contraction of B, into B, , Theorem 1 
in [3] (see also [4]) implies that F is nonempty. Furthermore, it is easy to see 
that since S is a contraction, the operator P = I - S is demicontinuous and 
monotone on B, . Hence, by Lemma 1, the null set F of P is convex. To prove 
the convergence of the sequence {x,,> determined by (6) note first that for 
each n 
II %I - sx,, II G II %-1 - S&-l I/ . 
The last assertion follows from (6), the equality 
II x nt1 -~~,Il=BlIsx,--nll, 
and the contractability of S. Moreover, 
(7) 
lim 11 x, - sx, 11 = 0. 
n (8) 
Indeed, assuming to the contrary that lim,, 11 x, - Sx, /I > co > 0 for some 
l a > 0 and letting v, = x, - z and w,, = Sx, - .z with z E F, we see that, 
by (7) and (6), 11 w, - v,, I/ > e0 for n 2 0 and 
II%+1 -~lI=llB(~~n-~~)+(~-B)(~~-~)l/=I/iB~n+(~ -B)%II. 
Hence, by Theorem 1 in [6], there exists a S, = S(E, , /3, r) > 0 so that 
II x n+1 - z II < (1 - %J II *yiz - x II 
for each n. Consequently, 
II% - sxn II < 31 - 6”) II X,-l - z II . 
The last two inequalities imply the relation (8). Hence the contradiction is 
reached. 
Now, since {x,,} (being in B,) is bounded and g,, = x, - Sx, converges 
strongly to 0, the demicompactness of S implies the existence of a strongly 
convergent subsequence {x,~} such that x,. + X* E B, . Since S is a contrac- 
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tion on B, , Sx, --f Sr* and, by (8), .r * = XV*. The convergence of the entire 
sequence {x~+~} to X* follows from the inequality /I x,,.~ - x* /I < 11 .x, - x* // 
valid for each n. 
REMARK 1. The assertions of Lemma 3 remain valid (with no change in 
the proof) for general closed bounded convex subsets B of H. Thus, in case 
of a Hilbert space, Lemma 3 is essentially the result obtained in [5, 61 for the 
case of a completely continuous operator S. 
The main result of our paper is the following theorem 
THEOREM 1. Let S be a demicompact ontraction of B, into H such that 
Sx-Ax#O forall XG~B, andany A>l, (9) 
then the set of jixed points F, of S lying in B,. is a nonempty convex set and for 
any x,, E B, and any /3 > 0 such that 0 < j? < 1 the sequence {x~.,~} determined 
by the process 
%+1 = PnSx, + (1 -P)Xn, n = 0, 1, 2, ‘a., (10) 
where the real numbers r, , n = 0, 1,2, e-e, are given by 
(11) 
converges to a fixed point x* E F, C B, of S. 
PROOF. Let R be the retraction map of H on B, given by 
(12) 
It is not hard to see that R is a contraction of H to B, and that the operator 
S, = RS is a contraction map of B, into B, . Hence, by the first part of 
Lemma 3, S, has a nonempty convex set F, of fixed points I in B, so that 
S,Z = x”. But then as was shown in [3], in view of our condition (9) and the 
definition of S, , it is not hard to see that 3i; is also a fixed point of S. Indeed, 
if K E B, - aB, , SZ = 4. If 2 E aB, and 2 is not a fixed point of S, then 
SR = (II %/l/r) f = AZ, h > 1, which is excluded by hypothesis. 
Now in view of (12) and the definition of S, the process (lo)-( 11) can be 
written in the form 
&Cl = B&% + (1 -B)% 3 n = 0, 1,2, -*a . (13) 
CONSTRUCTION OFFIXED POINTS 281 
Consequently, in virtue of Lemma 3, the validity of Theorem 1 will be estab- 
lished if we prove that the operator S, is demicompact on B, . This will 
be shown in the following lemma. 
LEMMA 4. If S is a demicompact contraction map of B, into H, then S, = RS 
is also demicompact on B, , 
PROOF. Let {zln} be an arbitrary sequence in B, so that 
g,’ -= u, - SIUn +g’ (14) 
strongly in H. In virtue of the demicompactness of S, to show that under 
the conditions of Lemma 4 there exists a strongly convergent subsequence 
{u,~}, it is sufficient to show that gnk = II, k - SU,,~ converges strongly for 
some subsequence {Us,}. 
Let g)(t) be a real-valued continuous function defined by 
O<t<r 
t > r. 
(15) 
Since {SU,) is a bounded set there exists a weakly convergent subsequence 
{Sz&} and a real number 01 3 0 such that 
We have to distinguish three possible cases: 
Case 1. If cz < r and E = (I - (~)/2, then by (16) there corresponds an 
integer N = N(r) > 0 such that for ni 3 AT 
(y. - E < 11 sun, I/ < a f E = - < r. 
e 
Thus in this case infinitely many elements SU,~ (for which ni > N) belong 
to the interior of B, . Consequently, (14) and the definition of S, imply that 
gAi = %I. - Sru,( = uni - SU,~ = g,i is strongly convergent. By demi- 
compactLess of S, there exists a strongly convergent subsequence (Us,}. 
Case 2. If (Y = Y, then p)(II Suni II) -+ 1 and there exists a sequence of 
numbers {E,~} with c”( --f 0, as n, + co, such that p)(II Su,* 11) = 1 + cn, and 
& = hi - sAzi = 4ai - P)(II %i II) S%, = uni - S%, - c,suq . 
Thus, 
282 PETRYSHYN 
converges strongly since gbi is strongly convergent and E,; -+ 0 and Su, 
is bounded (and hence E,~,SU~( -+ 0). Hence there exists a strongly convergen; 
subsequence (u,,~}. 
Case 3. If cr. > r, then ~(11 SU,~ 11) ---f ~/a G 6 < 1 and there exists a 
subsequence (E~~~} with E,,~ -+ 0, as n, -+ cc, such that 
54 Suni Ii) = E + eni 
and 
I gni = u,. 8 - SIU,, = l&&i - Gsuni - E,,SUni. 
Thus, as in Case 2, 
is strongly convergent. Furthermore, using the fact that S is a contraction 
and that 0 < a < 1, we get in this case the relation 
II 82, -ink II 2 II uni - unn, II- c II s%li - su,, II 3 (1 - 3 II 42, - hk II , 
i.e., (umi} is a Cauchy sequence. 
Thus the proof of Theorem 1 is completed by the application of Lemma 4. 
Let us point out that in the application of Theorem 1 to actual problems 
it may not be easy to verify the condition (9) which must be satisfied for the 
method (lo)-(11) t o converge. However, the following special case of Theo- 
rem 1 contains conditions which are much easier to verify in practice. 
THEOREM 2. If S is a demicompact ontraction map of B, into H such that 
aether the condition 
Re 6% 4 < II JC II*, x E 3B,, (17) 
or the condition 
II S(x) II G II x II 3 XEZJB,, (18) 
is valid, then the assertion-s of Theorem 1 remain valid. 
PROOF. Since clearly (18) implies (17) it is therefore sufficient to show 
that (17) implies (9) for then the validity of Theorem 2 will follow from 
Theorem 1. Suppose, to the contrary, that (17) holds and for some A, > 1 
and x0 E aB, we have Sx, = h,r, . Then Re (Sx, , x,,) = A,, II x,, l12. Hence, 
for (17) to hold, we must have A, < 1. Therefore, the assumption that for 
some A, > 1 and x0 E aB, we have Sx, = &,.x0 leads to the contradiction of 
(17) and, thus, Theorem 2 is proved. 
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REMARK 2. Theorems 1 and 2 can easily be used in the study of certain 
general equations of the form 
TX - Qx = 0, XEDEH~, (19) 
that often come up in applications, where T is a bounded linear transforma- 
tion from HI onto Hz with the bounded inverse T-l and Q is a nonlinear 
transformation from a subset D C H, into Hz and where Hi (i = 1, 2) are 
Hilbert spaces with the inner products and norms denoted by (,)i and I/ Iii , 
respectively. 
In this case, instead of (19) we may consider the equation x - T-lQx = 0 
with the operator (I- T-‘Q) mapping D C HI into HI . If we can prove that 
T-lQ satisfies our conditions, then Theorems 1 and 2 are applicable. 
Observe, however, that when in HI we define a new inner product by 
[x, r]r = (TX, TJJ)~ , then the boundedness of T and T-l implies that the 
new norm 1 /r2 = [,I1 is equivalent to the old one 11 II1 and, moreover, that 
( T-lQx II = I/ Qx /I2 . Hence, we need not perform the difficult task of 
finding the inverse T-l in order to apply our theorems but instead impose our 
conditions and work directly with T and Q. Thus, for example, if 
B,1 = {x E HI : II TX /I2 < Y}, 
Qx - hTx # 0 for all x E HI such that 11 TX II2 = Y and any h > 1, and 
II 8~ - QY II2 G II TX - TY II2 > x, y E R1, (20) 
then the sequence {xn+r} determined by solving the equation 
TX,,, = BrnQxn + (1 - B) TX, 3 n = 0, 1, 2, **a, (21) 
where r, , n = 0, 1,2, ..a, given by 
converges to a solution x* of Eq. (19) provided that for every sequence 
(EI,} C B,l the strong convergence of { Tu, - Qun} in H, implies the existence 
of a subsequence {Us,} converging strongly in HI . 
The author is indebted to F. E. Browder for his suggestions and interest in this 
paper ahd for having made a preliminary draft of [3] available to him. 
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